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Three-Dimensional Viscous Flow Solutions with a
Vorticity-Stream Function Formulation

R. L. Davis* and J. E. Carterf
United Technologies Research Center, East Hartford, Connecticut

and
M. HafezJ

University of California, Davis, California

A three-dimensional streamlike function/vorticity transport procedure has been developed for the analysis of
two- and three-dimensional steady, inviscid and viscous external flows. Special care has been taken to incorpo-
rate interacting boundary-layer concepts into this Navier-Stokes procedure in order to take advantage of the
features that interacting boundary-layer techniques offer but retain the generality of Navier-Stokes methods.
Numerical techniques have been applied to the present formulation that honor the elliptic nature of the flow in
the inviscid region and the parabolic nature in the viscous part of the flow. An implicit, successive line relaxation
technique is used to solve two sets of streamlike function/vorticity transport equations for the streamwise and
crossflow components of the flow. Solutions are presented for a series of model problems that demonstrate that
this Navier-Stokes technique is capable of yielding accurate solutions that simultaneously capture the details of
the inviscid and viscous flow regions.

Nomenclature
Cfx = axial component of skin friction
Cfz = spanwise component of skin friction
L - reference length
p = static pressure
Re = freestream reference Reynolds number
u = axial (x) component of velocity
v = normal (y) component of velocity
V = velocity vector
Fa, = freestream speed
w = spanwise (z) component of velocity
x = axial Cartesian coordinate
y = normal Cartesian coordinate
z - spanwise Cartesian coordinate
v = kinematic viscosity coefficient
6 = stream function in z ,y plane
\l/ = stream function in x,y plane
a? = vorticity vector
ux = vorticity component in the axial (x) direction
uy = vorticity component in the normal (y) direction
coz = vorticity component in the spanwise (z) direction

Introduction

T HE analysis of complex three-dimensional flow is a prob-
lem that continues to challenge fluid dynamicists. Al-

though significant progress has been made in this area for
three-dimensional inviscid flows, considerable development is
still needed for the accurate solution of three-dimensional vis-
cous flows. The step from inviscid to viscous flows is a major
one as small length scale phenomena are introduced that re-
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quire significant advances in present day computational fluid
dynamics methodology to obtain an accurate, efficient proce-
dure that properly analyzes the flow. The analysis of three-di-
mensional viscous flows has been performed with either
boundary-layer or Navier-Stokes techniques.

Although boundary-layer procedures are quite efficient, the
boundary-layer equations, when solved subject to a prescribed
pressure distribution, have a singularity at separation and,
therefore, cannot be used in this manner for the calculation of
separated flows. Interacting Boundary-Layer Theory (IBLT)
in which the boundary-layer equations are solved iteratively
with an inviscid solution procedure have been developed by a
number of investigators for two-dimensional separated flows
(e.g., see Refs. 1-4). Only recently have efforts been initiated
to extend interacting boundary-layer theory to three-dimen-
sional flows.5"7 IBLT procedures are very efficient techniques
for solving strongly interacting viscous and inviscid flows,
since the respective flow regions are solved independently. By
breaking the flow field up in this manner, efficient solvers can
be matched to each region. Increases in configuration com-
plexity for either internal or external flows result in a displace-
ment surface that becomes increasingly difficult to track,
and hence interacting boundary-layer techniques can become
very tedious to implement.

An alternative approach, which is currently pursued by most
of the computational fluids technical community, is to solve
the Navier-Stokes equations numerically. In principal, this ap-
proach is the most exact since these are the fundamental gov-
erning equations of fluid motion. However, high Reynolds
number viscous flows, which generally characterize aerody-
namic flows that are of practical importance, are well known
to generate multiple length scale phenomena that render most
numerical techniques for the Navier-Stokes equations ineffi-
cient when attempts are made to obtain accurate solutions.
Most, if not nearly all, of the developments of these numerical
procedures have been driven by the inviscid flow solvers with
little emphasis placed on the incorporation of viscous flow
considerations derived from either attached or strongly inter-
acting boundary-layer methodologies. Clearly, an effort is
needed to build on what has been learned about high Reynolds
number interacting flows in the development of new formula-
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tions and numerical methods for the Navier-Stokes equations.
Some work in this area has been initiated in the development
of efficient generalized viscous-inviscid solution procedures
that can be eventually extended to three-dimensional flows.
Noteworthy among these efforts is the forcing function con-
cept introduced by Steger and van Dalsem8 and the pseudo-
function concept approach of Whitfield.9 Although the details
of these procedures differ substantially, they both impose the
viscous prediction of a vorticity distribution on the inviscid
flow to account for the viscous-inviscid interaction phenom-
ena.

The overall goal of the present investigation10 has been to
incorporate interacting boundary-layer concepts into a Navier-
Stokes procedure in order to take advantage of the features
that interacting boundary-layer techniques offer but retain the
generality and flexibility of Navier-Stokes procedures. This
approach has been pursued by casting the Navier-Stokes equa-
tions into a streamlike function and vorticity transport form
for the solution of three-dimensional incompressible, external
flows. By formulating the equations in this manner, the solu-
tion procedure can take advantage of the fact that at high
Reynolds number, the flow can be broken into an inviscid
region, where a central differenced Poisson equation set is used
for the description of the elliptic nature of the flow, and into
a viscous region, where one-sided windward differenced vortic-
ity transport equations are used to model the parabolic nature
of the flow. Interaction between the inviscid and viscous flows
occurs through a vorticity source term in the Poisson equa-
tions.

Significant work has previously taken place in the develop-
ment of numerical procedures to solve the two-dimensional
stream function/vorticity transport equations. Examples of
this work include Werle and Bernstein,11 Briley,12 Ghia and
Davis,13 and the recent work of Halim and Hafez14 on which
much of the present work is based. For three-dimensional
internal flows, Hamed and Abdallah15 have initiated exten-
sions of vorticity/streamlike function concepts to three dimen-
sions for flow within ducts. Aziz and Heliums,16 Wong and
Reizes,17 Aregbesola and Burley,18 and Yang and Camarero19

have developed solution procedures for duct flows using a
vector potential methodology. These formulations differ con-
siderably from that developed in the present investigation. In
particular, the present formulation is a relatively simple subset
of the vector potential equations specifically for external flows.
This Navier-Stokes formulation will be shown to have many of
the characteristics of a generalized three-dimensional viscous-
inviscid interaction procedure without the use of boundary-
layer approximations or explicit coupling procedures.

Analysis
In this section, the governing equations and boundary con-

ditions for the three-dimensional streamlike function/vorticity
transport formulation of the incompressible, steady Navier-
Stokes equations are presented. A major focal point of this
research effort has been to use solution techniques that take
advantage of the elliptic nature of the outer, inviscid flow
simultaneously interacting with the parabolic-like nature of
the viscous flow region.

Governing Equations
The nondimensional form of the Navier-Stokes equations

for laminar, incompressible steady flow are given by

for the conservation of mass and

= - Vp + — V2Fp Re

(1)

(2)

pressure by twice the freestream dynamic pressure pooF2,, and
all lengths by a reference length L. The kinematic coefficient
of viscosity i>, which is constant for incompressible flow, is
represented in terms of the Reynolds number given by
Re = V^L/v. Vorticity is introduced into this formulation by
taking the curl of Eq. (2) which, with the usual definition of
vorticity

co - V x F (3)

leads to the vorticity transport equation given by

F-Vco = co -VF + (I/Re) V2co (4)

Lighthill20'21 has presented an extended discussion to show
that vorticity is a very useful quantity that can be used to
describe most fluid dynamic phenomena. It is particularly at-
tractive for describing low-speed flows since vorticity is pro-
duced only at solid surfaces due to viscosity and, hence, is
nonzero only in viscous regions. The transport of vorticity
described in Eq. (4) is influenced by three dominant physical
effects that are represented by the terms in this equation. Solid
boundaries act as a distributed source (or sink) of vorticity,
which is diffused and convected away from the surface by
the V2co//?e and F -Vco terms, respectively. In two-dimen-
sional flows, these terms are equal whereas in three-dimen-
sional flow, which is the focus of the present study, there is an
additional term co • V F, which represents the stretching of the
vortex lines due to the velocity field. Equations (1), (3), and (4)
represent a system of seven equations in six unknowns, those
being the three components of velocity and vorticity. One of
these equations must be dropped in order to obtain a balanced
system. The continuity equation, given in Eq. (1), is retained
so as to maintain conservation of mass. Furthermore, the vor-
ticity definition, Eq. (3), is retained so as to ensure the conser-
vation of vorticity or, as it sometimes is referred to, the so-
lenoidality condition, obtained by taking the divergence of
Eq. (3) to give

V • co = 0 (5)

Since vorticity is conserved according to Eqs. (3) and (5), only
two of the vorticity transport equations are required to define
the entire vorticity field so that one transport equation can be
dropped to yield a balanced set of six equations for the six
unknowns. In the present study, which has been limited to
boundary-layer-like flows including separation, there are two
dominant components of vorticity. Hence, the transport equa-
tions for these components have been included, and the trans-
port equation for the third component of vorticity about an
axis normal to the surface has been dropped. This is not an
approximation, but it is a special formulation suitable only for
a particular class of external flow problems.

Two functions can be introduced that automatically ensure
that mass conservation is satisfied. These functions \l/ and 0,
both of which are like a stream function for two-dimensional
flow, are related to the velocity components through the fol-
lowing definitions

(6)

(7)

(8)
86w = —dy

for the conservation of momentum. In this formulation, the
velocity is nondimensionalized by the freestream speed F^, the

This relationship between ^ and 6 is not unique in satisfying
the continuity equation. However, it is a simple procedure
that has been found to work very well in the present study. The
coordinates x, y, z and velocity components in these respective
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Fig. 1 Computational region around localized symmetric distur-
bance on flat plate.

directions have been expressed in Eqs. (6-8) in a Cartesian
system as shown in the schematic diagram in Fig. 1. The
principal reason that these functions have been introduced is to
obtain second-order equations for the inviscid portion of the
flow, which are well known to be computationally simpler to
solve than the first-order Euler equations, which are obtained
from Eqs. (1) and (2) for an infinite Reynolds number.

The overall set of governing equations, expressed in terms of
the Cartesian coordinates and notation shown in Fig. 1, can
now be summarized. The transport equations governing the
principal vorticity components coz and co*, defined by

dv du dw dv
dx dy9 dy dz (9)

are given by

_ a0\ do^ a0
dy dx~ ~ \dx + dz) ~dy + ay

aw aw

du dw\ aw _ j^ /a_ _ _ _ _ _ _ _ _ a2co,
dz dxj dy Re \dx2 """ a>>2 (10)

du du
dy dx \dx dz dy dy dz

aw
az ax/ a^ Re \dx2 dy2 -^ =o (ii)

The vorticity definitions given in Eq. (9) are rewritten in terms
of the streamlike functions in Eqs. (6-8) to yield

= _^_^_ a2^ax2 a^2 a^az
a2^ a20 a2^

(12)

(13)

Equations (10-13) represent four equations in the four un-
knowns, co^, Co*, \l/, and B, which have been numerically solved
in the present effort. In formulating these equations the
y-velocity and the ̂ -component of vorticity, uy = du/dz -
dw/dx, have been eliminated through the use of their relation-
ship to the other dependent variables. The u- and w-velocity
components also have been eliminated by expressing them ev-
erywhere in terms of the streamlike functions. In addition, the
"source terms" in Eqs. (10) and (11) that arise from the vortic-
ity stretching term have been lagged in the current iterative
procedure used to solve these equations. This point will be
further discussed later in the Solution Procedure Section.

Using Eqs. (6) and (8) for the velocity field, the resulting
pressure field may be determined through the solution of a
Poisson equation, which results from cross differentiation of
the primitive variable Navier-Stokes equations as described in

Ref. 10. The resulting equation relating the pressure and veloc-
ity fields is given by

(14)
dv du_ _ aw aw _ aw at;
dx dy dx dz dy dz

The governing equations given by Eqs. (6), (8), and (10-13)
form the vorticity/streamlike function alternative to the full
Navier-Stokes equations given in Eqs. (1) and (2). At this
point, no approximations have been made other than to as-
sume steady, incompressible, laminar flow. The present study
has been limited to an analysis of external boundary-layer-like
flows including separation in which the shear layers lay nearly
parallel to the plane y = 0. Hence, for simplification, the vor-
ticity diffusion terms in the x- and z -directions have been
deleted, which leads to a set of equations often referred to as
the "thin-layer" Navier-Stokes equations.

Boundary Conditions
A series of flow problems have been addressed in the present

investigation that are shown schematically with the computa-
tional region in Fig. 1. The boundary conditions used at each
of the boundaries for the viscous flow calculations presented
in this paper will now be discussed. A similar set of bound-
ary conditions for inviscid flow computations is described in
Ref. 10.

At the upstream boundary, AEHD, the axial component
u -velocity profile is specified as a function of the span wise (z)
position and is held fixed during iteration. For the calculations
presented here, these axial component velocity profiles have
been determined from a direct two-dimensional boundary-
layer procedure22 and held fixed in the span wise direction. The
normal and span wise velocity components, v and w, were
assumed to be zero along the upstream plane. Once the u-
velocity profile is defined at the upstream boundary, the \l/
streamlike function is calculated by integrating the profile in
the normal (y) direction and the coz distribution is determined
by differentiating the profile with respect to y. These bound-
ary conditions are given by

w — specified, v = w = cox = <

3w
(15)

The x,y plane, ABCD, shown in Fig. 1 at the minimum z-
location, has been assumed to be a plane of symmetry with
respect to the z-direction. For this type of boundary, the val-
ues of w, o>x, and B are equal to zero as well as the derivatives
of u, v, and coz with respect to z, which is written as

0 = 0

du dv

(16)

The lower z,y boundary, ABFE, is treated as a solid
boundary where a zero velocity condition is imposed by setting
the two streamlike functions, ^ and 6, as well as their deriva-
tives with respect to y equal to zero. These conditions are given
by

=dy dy (17)

The Neumann boundary condition given in Eq. (17) is imple-
mented using an additional computational node located one
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grid spacing below the wall where the values of the streamlike
functions are adjusted to satisfy Eq. (17). In addition to en-
forcing the zero velocity condition, this treatment of the Neu-
mann condition (see Ref. 10) allows for the direct calculation
of the vorticity at the wall as part of the implicit calculation.
This application also removes the need for special one-sided
differencing at the wall like that used by Briley12 in order to
satisfy the Poisson equations for the streamlike functions.

For the calculations presented in this paper, freestream
boundary conditions were imposed at the upper z,y plane,
DCGH, in Fig. 1 through the use of the following tangency
conditions

\l/ = const, 6 = const

(18)

under the assumption that the DCGH boundary, which is
located sufficiently far from the solid surface, represents a
stream sheet. These conditions do not permit mass flow across
this boundary and have been found to be superior to the Neu-
mann conditions u = d\l//dy = 1 and w = dd/dy = 0 for the
highly stretched meshes used in the present calculations.

At the x far-field z ,y plane, BFGC, the second derivatives of
\l/,0,u, and w with respect to x are set equal to zero. Similarly,
the second derivatives of ^, 0, u, and w with respect to z are
set equal to zero at the z far-field xy plane, EFGH. These
conditions, which are consistent with the assumption of
boundary-layer flows in the far field, are given as

dx2 dx2 dx2 dx2

)2i£ 826 d2u 32w

= 0 at x far field

(19)

In general, the vorticity/streamlike function analysis is not
limited to these particular conditions at each boundary. Other
boundary conditions could be easily substituted for each of the
computational domain boundaries.

Solution Procedure
In the present analysis, the stretched and sheared computa-

tional grid in the physical (Cartesian) coordinate system is
transformed into a uniformly spaced computational domain
that exists between 0 and 1 in all three directions as explained
in Ref. 10. Although a stretched/sheared mesh with locally
varying mesh spacing is used in the physical Cartesian grid, a
uniform mesh in each of the three directions is defined in the
computational domain. This allows standard second-order ac-
curate central difference formula to be used in the discretiza-
tion of Eqs. (6), (8), and (10-13) with the exception of the axial
and spanwise convection terms of the vorticity transport equa-
tions. For these convection terms, a first-order windward dif-
ference operator similar to that used for interacting boundary-
layer calculations is used to model the parabolic nature of the
vorticity transport equations. In addition, the streamwise
derivative of \l/ and the spanwise derivative of 6, which are both
associated with the v -velocity component in the convection
terms of the vorticity transport equations, are approximated
with first-order backward and windward differences, respec-
tively, as guided by interacting boundary-layer theory. Thus,
iri the inviscid region where the Poisson streamlike function
equations dominate the flow, only central difference formulas
are used to model the elliptic nature of the equations, whereas
in the viscous region, which is dominated by the vorti-
city transport equations, appropriate one-sided windward dif-
ferences are used to model the parabolic nature of these
equations.

In the current investigation, a successive line relaxation tech-
nique along lines of x = const and z = const is used for the
implicit solution of the governing equations. Since these lines

along which the solution is determined are essentially perpen-
dicular to the solid surface in a similar fashion as used by
boundary-layer techniques, the governing equations given in
Eqs. (6), (8), and (10-13) can be either solved simultaneously
or partitioned into smaller equation sets by uncoupling the
spanwise flow equations from the equations governing the
axial flow. For three-dimensional external flows where the
spanwise flow component is small relative to the axial flow as
is the case for the problems in this investigation, Eqs. (6), (10),
and (12) can be uncoupled from Eqs. (8), (11), and (13) and
solved as two sets of 3 x 3 block tridiagonal equations. In this
approach, \l/9 o>z, and u are solved simultaneously with 6, cox,
and w lagged from the previous global iteration. Then 6, ux,
and w are determined using the latest values of \j/9 o^, and u.
In order to simplify the solution procedure even further, the
source terms in the vorticity transport equations, which are
cast in terms of the u- and w-velocity components can be
treated explicitly, thereby reducing the two uncoupled systems
to each have two equations and two unknowns. This is the
approach taken in the current investigation. In the future,
solution of flows with strong spanwise/mainstream flow cou-
pling may require an alternate treatment of the source terms in
the transport equations, at which time three-dimensional
boundary-layer theory can be used to identify the dominant
source terms and provide guidance in their numerical treat-
ment. Hence, in the current procedure, Eqs. (6), (10), and (12)
are uncoupled from Eqs. (8), (11), and (13) with the u- and w-
velocities lagged from the previous column iteration. This al-
lows Eqs. (10) and (12) in addition to Eqs. (11) and (13) to be
solved as two uncoupled systems of 2 x 2 block-tridiagonal
equations. Each 2 x 2 system is solved implicitly using a
Gauss-Seidel relaxation procedure. This line relaxation proce-
dure consists of application of the upper boundary conditions,
solution of the recursion coefficients from the upper boundary
to the lower boundary, application of the lower solid wall
boundary conditions, followed by backward substitution from
the lower wall to the upper boundary to determine the changes
in the streamlike functions and vorticity components. Column
iteration may be used to eliminate the errors due to the nonlin-
earities and to increase stability of the global iteration proce-
dure. Upon completion of each column iteration, the corre-
sponding u- and w-velocity components are updated using
Eqs. (6) and (8), respectively. An underrelaxation factor of 0.8
has been used on the vorticity transport equations for the
calculation of the separated flow cases shown in this paper.
Currently, the line relaxation scheme is marched in the span-
wise (z) direction followed with a step in the axial (x) direc-
tion. Alternate marching and equation coupling strategies cur-
rently are being investigated.

Results and Discussion
The objective of the present research has been to demon-

strate that converged, accurate solutions can be obtained from
a streamlike function/vorticity transport approach for invis-
cid and viscous, laminar three-dimensional external flows. A
series of two-dimensional and three-dimensional flow prob-
lems have been addressed in Ref. 10. Solutions for these cases
have been compared to several well-documented numerical
procedures including a finite-difference boundary-layer tech-
nique22 for two-dimensional attached viscous flows, two-
dimensional and three-dimensional interacting boundary-layer
schemes6'23'24 for separated viscous flows, and a two-dimen-
sional stream function23 or three-dimensional small distur-
bance procedure6 for inviscid flows. In addition to the solu-
tions given in Ref. 10, calculations for the viscous flow over a
three-dimensional trough and bump will be discussed at this
time. Limited computational grid refinement studies have
been performed as part of the comparison of the present
Navier-Stokes solutions with other numerical procedures. Fur-
ther grid refinement studies are required, however, to deter-
mine the optimum computational grid densities that ensure
accuracy and maximize computational efficiency.



896 DAVIS, CARTER, AND HAFEZ AIAA JOURNAL

C\Jo

O

PRESENT
THEORY
INTERACTING
BOUNDARY LAYER
(EDWARDS)

Fig. 2 Predicted axial component of skin friction for 3% trough,
Re = 8 x 104.

Three-Dimensional Trough
A three-dimensional variation of the Carter-Wornom24

trough geometry has been used in the current investigation
where the present vorticity/streamlike function analysis has
been compared in detail with the three-dimensional interacting
boundary-layer calculations of Edwards.6 The surface of the
trough is described by the function

y(x,z) = - t sech(4x - 10) sech(4z) (20)

where t is the trough depth. A three-dimensional calculation
was performed for a t = 0.03 trough at an upstream reference
Reynolds number of 8 x 104. In this case, the flow separated
at the bottom of the trough on the plane of symmetry. A
121-point uniform mesh was constructed in the AT-direction
between x = 1.0 and x = 4.0* In the z-direction, a 31-point
uniform mesh was constructed between z = 0.0 and z = 1.5.
The computational mesh was stretched in the y -direction from
the lower surface to the outer boundary, located at y = 5.0,
using 61 points with a minimal spacing of 5 x 10 ~ 4 at the wall,
which guaranteed a minimum of 20 points in the boundary
layer. The u-velocity profile used to define the upstream
boundary conditions for the vorticity/streamlike function cal-
culation was determined from a direct finite-difference
boundary-layer calculation22 extending from x = 0.0 (sharp
leading edge) to x = 1.0. As described earlier, the v- and w-ve-
locity components were assumed to be zero at the upstream
boundary.

A comparison of the axial skin friction distribution with the
three-dimensional interacting boundary-layer procedure of
Edwards6 at three different z = const stations is shown in
Fig. 2. The same computational grid distribution in the x,z
plane was used for the interacting boundary-layer calculation
as that used for the vorticity/streamlike function calculation.
This figure shows that the present analysis is in very good
agreement with the interacting boundary-layer calculation.
The adverse streamwise pressure gradient located at the begin-
ning of the trough causes the axial skin friction component to
decrease. Separation of the flow occurs at the bottom of the
trough on the plane of symmetry. Subsequent reattachment of
the flow occurs downstream of the trough center on the plane
of symmetry where the axial skin friction component rapidly
rises to a maximum downstream of which the flow returns to
that over a two-dimensional flat plate. Both solutions ap-
proach two-dimensional flat plate flow at the z far field.
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Fig. 3 Predicted spanwise component of skin friction for 3% trough,
Re = 8 x 104.
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Fig. 4 Predicted limiting streamlines for 3% trough, Re = 8 x 104.

A comparison between the predictions of the vorticity based
Navier-Stokes analysis and the interacting boundary-layer pro-
cedure of Edwards6 for the spanwise skin friction component
is shown in Fig. 3 at different z-planes. Good agreement also
exists between the two solutions for the spanwise skin friction
component with only minor differences existing between the
solutions near the plane of symmetry. Upstream of the trough
center, the flow migrates toward the plane of symmetry until
the favorable spanwise pressure gradients force the flow to
change direction and travel outward in the positive z direction.
As the flow emerges from the center of the trough, the adverse
spanwise pressure gradient turns the flow back toward the
plane of symmetry where it returns to two-dimensional flow.
At the z far field, the flow remains two-dimensional over the
entire axial length of the trough. Small local oscillations in the
spanwise skin friction component occur at the upstream
boundary due to the two-dimensional assumption that the v-
and w-velocities are zero at this boundary. These oscillations
are quickly eliminated away from the inlet boundary, how-
ever. The interacting boundary-layer solution predicts a small
plateau in the spanwise skin friction near the plane of symme-
try at x = 2.4 whereas the vorticity/streamlike function proce-
dure does not. This minor difference is perhaps due to an
inadequate computational grid in the Navier-Stokes calcula-
tion. A similar skin friction distribution was observed for a
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Fig. 5 Predicted axial component of skin friction for 3% bump,
Re = 6 x 104.

lower Reynolds number trough case shown in Ref. 10 in which
the Navier-Stokes analysis was able to resolve this detail.
A similar Cfz skin friction distribution was predicted by Duck
and Burggraf25 for laminar, incompressible flow over a three-
dimensional trough at an infinite Reynolds number using triple
deck theory.

The extent of the reversed axial flow region for this case is
dramatically shown in Fig. 4 with a plot of the limiting stream-
lines. Figure 4 shows that even though the geometry is simple
in nature, the resulting flowfield is rather complex. The flow
along the plane of symmetry separates at the saddle point
located at x = 2.28. Reattachment of the flow occurs at the
nodal point located on the plane of symmetry at x - 2.61. The
surface flow away from the plane of symmetry is forced
around the reversed axial flow region along a line of coalescing
streamlines, which is often referred to as a dividing streamline.
The region between the dividing streamlines defines a "corri-
dor" that cannot be penetrated by the upstream surface flow.
All of the streamlines inside the corridor originate from the
^odal point. A region of reversed axial flow exists between the
saddle and nodal points extending outward in the z -direction
to z = 0.19. The surface flow in this reversed axial flow region
migrates away from the plane of symmetry due to the spanwise
pressure gradients, where it eventually turns back toward the
positive x-direction and travels parallel to the main stream.

Three-Dimensional Bump
A three-dimensional vorticity/streamlike function calcula-

tion also has been performed for the viscous flow over a three-
dimensional bump at an upstream reference Reynolds number
of 6 x 104. The bump geometry was determined from Eq. (20)
with a bump height, / = - 0.03. The flow separated at the aft
end of the bump on the plane of symmetry. The same compu-
tational grid distribution was used for this case as that for the
trough case previously described. The u-velocity profile used
to define the upstream boundary conditions for the Navier-
Stokes calculation was found from a direct finite-difference
boundary-layer calculation22 extending from x = 0.0 (sharp
leading edge) to x = 1.0. The v- and w-velocity components
again were assumed to be zero at the upstream boundary.

Comparison of the axial skin friction distribution predicted
by the present analysis and the interacting boundary-layer pro-
cedure of Edwards6 at three z = const stations is shown in
Fig. 5. The interacting boundary-layer calculation used the
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Fig. 6 Predicted spanwise component of skin friction for 3% bump,
Re = 6 x 104.

same computational grid distribution in the x,z plane as used
for the present Navier-Stokes analysis. Figure 5 shows that the
present analysis is in very good agreement with the interacting
boundary-layer calculation. In this case, Cfx rises to a maxi-
mum as the flow accelerates over the bump. As the flow begins
to decelerate behind the center of the bump, the axial skin
friction quickly decreases and separation occurs at the plane of
symmetry. The flow reattaches somewhat downstream of the
bump at the plane of symmetry and quickly returns to flat
plate flow. The interacting boundary-layer solution shown in
Fig. 5 has a sudden shift in the Cfx distribution at the x far-field
boundary near the plane of symmetry whereas the Navier-
Stokes solution does not. The shift in the interacting
boundary-layer solution at this location is caused by an omis-
sion of the effective displacement surface effects from outside
of the computational domain in the inviscid analysis which
consists of a three-dimensional Cauchy integral procedure.
This problem could be eliminated by placement of the x far-
field boundary at a position further downstream of the bump.
The discrepancy between the two solutions disappears as the z
far-field boundary is approached, with both techniques essen-
tially producing a two-dimensional flat plate flow solution.
Also, the extent of the reversed axial flow region predicted by
the Navier-Stokes procedure is somewhat smaller (i.e., from
x = 2.8 to x = 3.0) as compared to that predicted with the
interacting boundary-layer calculation (i.e., from x = 2.7 to
x = 3.1). This difference possibly may be eliminated by using
a finer grid distribution in the Navier-Stokes calculation.

A comparison between the two predictions of the spanwise
skin friction component is shown in Fig. 6 where C/z is plotted
at different z-planes. Good agreement exists between the two
solutions for the spanwise skin friction component with only
slight differences existing at the end of the bump near the plane
of symmetry. The spanwise flow for the bump is somewhat
opposite to that for the previously described trough case. As
the flow approaches the bump center near the plane of symme-
try, the spanwise pressure gradients drive the flow outward in
the positive z-direction and then inward toward the plane of
symmetry. Downstream of the bump center, the flow again
moves outward and then returns to two-dimensional flow at
the exit boundary. As shown in Fig. 6, the solution of the
vorticity/streamlike function approach is nearly uniform at
the x far-field boundary, whereas the interacting boundary-
layer calculation shows some fluctuation in Cfz at this location
similar to that shown in Fig. 5. Both techniques approach a
two-dimensional flat plate solution at the z far-field.

A plot of the limiting streamlines for this case is shown in
Fig. 7. This figure has many of the same features shown in
Fig. 4 for the trough case but yet is different in structure. In
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Fig. 7 Predicted limiting streamlines for 3% bump, Re = 6 X 104.

this case, a nodal point is located at the separation point on the
plane of symmetry at x = 2.8. A saddle point exists at the
reattachment point located on the plane of symmetry at
x = 3.0. The dividing streamline caused by the flow separation
begins at the upstream boundary and merges toward the plane
of symmetry at the saddle point where it then travels down-
stream along the plane of symmetry. In this case, the "corri-
dor" caused by the separation is located upstream of the dis-
turbance. The streamlines inside this corridor terminate at the
nodal point where the flow separates from the surface. A
region of reversed axial flow exists between the nodal and
saddle points extending in the spanwise direction to z = 0.07.
The surface flow outside of the corridor is attached and moves
downstream around the bump and the flow inside the corridor.
Three-Dimensional Swept Trough

In general, flows over aerodynamic surfaces are not neces-
sarily dominated by a vorticity component that aligns itself
with either the x- or z-directions as shown for the previous
cases where the axial vorticity component ux was relatively
small compared to the spanwise vorticity component wz. For
example, the flowfield at a wing tip exhibits strong interaction
between the axial and spanwise vorticity components. As part
of the present study, a brief investigation into separated vis-
cous flows with strong coupling between the axial and span-
wise vorticity components was performed to demonstrate the
applicability of the current numerical procedure to flows such
as these. In particular, the focus of this investigation was to
demonstrate the stability of the current numerical approach
that uncouples the governing equations for the spanwise flow
from the axial flow equations for flows with strong axial/span-
wise flow interaction. This demonstration has been accom-
plished in the current study by sweeping the three-dimensional
trough geometry given in Eq. (20) 45 deg to the mainstream
flow resulting in a spanwise flow component with the same
magnitude as the axial flow component. Likewise, the axial
vorticity in the flow was similar in magnitude to the spanwise
vorticity component. As in the previous three-dimensional
trough calculation, this case was calculated for an upstream
reference Reynolds of 8 x 104. An 81 x 41 point uniform grid
distribution was used in the x- and z-directions, respectively,
between 1.0 <*<4.0and - 1.5<z<1.5. The computational
mesh in the x- and z-directions were aligned perpendicular and
parallel to the leading edge of the swept plate. The computa-
tional mesh was stretched in the .y-direction between the lower
surface and the outer boundary, located at y = 5.0, using 61
points with a minimal spacing of 5 x 10 ~ 4 at the wall. A

o

Fig. 8 Predicted axial component of skin friction for 3% swept
trough, Re = 8 X 104.

finite-difference boundary-layer calculation for an infinite
swept flat plate22 extending from the leading edge (sharp) lo>-
cated at x = 0.0 to x = 4.0 was used to obtain the u- and
w-velocity profiles at the x = 1.0 and along the z = - 1.5
planes. The boundary conditions given in Eq. (15) were substi-
tuted for the plane of symmetry conditions at the z = — 1.5
plane with the exception that the w-velocity and the axial
vorticity ux were no longer zero. In addition to these boundary
conditions, the axial vorticity distribution in this plane was
determined by differentiating the w-velocity profile with re-
spect to y and the spanwise streamlike function 0 was calcu-
lated by integrating the w-velocity profile in the >>-direction.
The conditions at the x = 0.0 and along the z = - 1.5 planes
were held fixed during the calculation.

This calculation converged similarly to the previous trough
and bump cases with no sign of stability problems demonstrat-
ing that the current equation coupling strategy is a viable tech-
nique even for flows where the x- and z-vorticity components
are of the same magnitude. Further studies are necessary, how-
ever, to determine if instabilities occur with refinements in the
computational grid. In addition, further calculations on grids
with finer mesh spacing are required to determine if the exist-
ing solution is grid independent.

Figures 8 and 9 show the predicted axial (C/x) and spanwise
(Cfz) skin friction components at five different z = const
planes. These figures show that the axial vorticity indicated by
the Cfz skin friction plot is roughly the same magnitude as the
spanwise vorticity, which is proportional to Cfx. These figures
also show that the predicted solution is smooth and free of
oscillations. Future work will be directed at comparison be-
tween the present Navier-Stokes analysis and interacting
boundary-layer theory for cases such as this where the axial
and spanwise flow components are closely coupled.
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Fig. 9 Predicted spanwise component of skin friction for 3% swept
trough, Re = 8 X 104.
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relative to the x- and £-directions passing through the center of
the trough and aligned with the mainstream flow direction.
Figure 10 shows that the predicted limiting streamlines are
symmetric about this plane.

Figures 2-10 show that the present Navier-Stokes approach
is capable of accurately predicting the complex flow structure
resulting from separated flow. Although the model problems
shown in these figures correspond to simple geometries, the
flow structure resulting from separation produces rather large
gradients in each of the three flow directions. These calcula-
tions provide strong encouragement that the present vorticity-
based approach to solving the Navier-Stokes equations can be
applied successfully to aerodynamic flows that are three-
dimensional vortex dominated.

Concluding Remarks
A three-dimensional streamlike function/vorticity transport

procedure has been developed for the analysis of two- and
three-dimensional in viscid and viscous external flows. A de-
tailed discussion is presented that demonstrates that this ap-
proach incorporates many of the features of interacting
boundary-layer theory for strongly interacting viscous and in-
viscid flows. Numerical techniques have been applied to the
present Navier-Stokes formulation that honor the elliptic na-
ture of the problem in the inviscid region of flow and the
parabolic nature in the viscous part of the flow. The principal
focus of the present investigation was to demonstrate the fea-
sibility of this three-dimensional streamlike function/vorticity
approach to obtain converged, accurate solutions for both
inviscid and viscous external flows. This goal has been pursued
through the numerical study of a series of two-dimensional
and three-dimensional model problems. For the three-dimen-
sional problems in this study, it was found sufficient to uncou-
ple the mainstream and crossflow solutions that, through the
use of an implicit line relaxation scheme, resulted in a set of
2 x 2 block-tridiagonal equations for each of the respective
directions at each computational station on the body surface.
Overall, agreement with other comparable numerical solutions
has been found to be quite favorable, which leads to the prin-
cipal conclusion of this research that this new vorticity/
streamlike function technique is capable of yielding solutions
that simultaneously capture the details of the inviscid and
viscous flow regions.

The calculations shown in this paper for the Navier-Stokes
technique took approximately 3 s per global iteration on
121 x 61 x 31 grids using a Cray X-MP. Convergence oc-
curred in these calculations between 1000-3000 global itera-
tions with a four-orders-in-magnitude reduction in the stream-
like function and vorticity residuals. The computational time
for the Navier-Stokes calculations was roughly an order of
magnitude greater than that for the three-dimensional interac-
tion procedure. Computational times of the Navier-Stokes
technique may be reduced in the future, however, with the
addition of convergence acceleration techniques such as a mul-
tiple-grid algorithm. In addition, future work on this approach
will include investigations of alternate marching and equation
coupling strategies to improve vectorization and to allow
multitasking of the procedure for increased computational
efficiency.

Fig. 10 Predicted limiting streamlines for 3°7o swept trough,
Re = 8 x 104.

Figure 10 shows the limiting streamlines predicted for this
case. This figure shows the same type of flow features as those
shown in Fig. 4 for the previous trough case. A saddle point
exists at the separation point that is located at A: = 2.31,
Z = — 0.19. A region of reversed axial and spanwise flow ex-
ists between the saddle point and the reattachment (nodal)
point located at Jt -2.62, z =0.11. Both the saddle and nodal
points lie in a geometrical plane of symmetry that is 45 deg
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